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In this paper we prove the following theorem: Let G, and G, be groups 
with a common subgroup H, such that (over a commutative ring K) the 
group rings KG, and KG, are coherent and KH is noetherian. Then 
K[G, *H G2] is coherent, where G, *” G, is the amalgam (push-out). (In fact, 
this is proved in the category of rings.) The proof uses the characterization 
of coherence via flatness of products and a similar property of noetherianess 
and depends only on the existence of a Mayer-Vietoris exact sequence. 
In later sections we study A-dimension, a generalization of coherence and 
noetherianess, and introduce a closely related concept (“coherence 
dimension”). These are applied to group rings. 
Finally, a section treats the graded case (instead of group rings we have 
graded k-algebras) where it is shown that it is not sufficient to consider 
positively graded modules: however, if arbitrarily graded modules (i.e., over 
h) are allowed, the same theorems as in the non-graded case go through. 
Let R be any (unitary and associative) ring. By an R-ring A is meant a 
ring homomorphism zA : R + A, together with a splitting ring homomorphism 
sA : A + R (so that sAzA = lR) Choo, Lam and Luft prove the following 
theorem: Let A and B be R-rings and denote their sum (coproduct) in the 
category of R-rings by A * B. If R is noetherian and A and B are coherent, 
then A * B is coherent. The proof is elementary in the sense that only 
elementary methods are used. There is, however, a small deficiency: when 
one wants to apply the theorem to the category of groups and to derive the 
theorem by setting R = KH, A = KG, and B = KG,, there are no splittings 
A-R, B+R and A*B#KG,*,G, if H#G, or G,. There are 
nonetheless some indications that the proof does extend to the case above 
(private communication from Lam). 
There is a similar result by Lam. Let G be a gr0u.i with associated 
subgroups H and H’ together with an isomorphism a: Hq H’ and let G *H,6 
denote the HNN-extension (see [ 1, p. 301 for the definition). If, over a 
commutative ring K, the group ring KH is noetherian and KG is coherent, 
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then KG x~,~ is coherent. (The proof of this result is also elementary in 
nature and independent of that of Choo, Lam and Luft.) 
Below we show that these results only depend on the Mayer-Vietoris exact 
sequence and the following characterizations: 
(i) A ring R is left coherent if and only if for every family (Fit i E I) of 
right flat modules the product n Fi is right flat. 
(ii) The ring R is left noetherian if and only if for every family 
(F,. i E 1) of right flat modules and every left module i’t4, the canonical 
morphism (n Fi) @ R M + n (Fi 0 M) is mono. 
THE DIMENSIONS 
In this part we introduce the property FP, for modules (it will be clear 
from the context whether left or right modules are considered) and state its 
reformulation in terms of the functor Tor. We define the J-dimension, from 
[lo], for rings and introduce a closely related dimension-concept, 
“coherence-dimension.” 
For both these dimensions we have that, for any ring R, dim R = 0 (resp. 
dim R < 1) if and only if R is noetherian (resp. coherent). In the next section 
we show how this implies the results of Choo, Lam and Luft [4] and Lam 
[61. 
If, for the module RM over the ring R, we have a projective resolution 
P 4 M (i.e., P = . . . -+ Pk --tea - + P, + P, -+ 0) with the extra condition that 
the first PO,..., P, are finitely generated, then we say that M has the property 
FP, or simply write FP,M. By FP,M we mean that there exists a resolution 
with all Pi fintely generated. Every module is defined to be of type FP-, . 
Note that FP,Mo M is finitely generated and FP,M o M is Iintely 
presented. We recall Schanuel’s lemma: If we have two short exact sequences 
K >--t P+ M and K’ HP’ ++ M, where P and P’ are projective modules, 
then K@P’zK’ @ P. 
Schanuel’s lemma implies the following proposition: 
1. PROPOSITION. Zf FP,M, then every exact sequence Pi + - - - + P, * M 
(i < n), where PO,..., Pi are finitely generated projectives, may be continued to 
a projective resolution P --H M, with the first P, ,..., P, finitely generated. 
Define A,(M) = sup { n 1 FP,M} (this is from [2]). Proposition 1 shows that 
1,(M) = cm =s FP,M. Note that 1(M) = -1 if and only if M is not finitely 
generated. 
2. DEFINITION. A ring R is said to have (left) l-dim Qn if, for every left 
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module M, we have FP,M =s- FP, + 1 M. The smallest such n will be called the 
I-dim of R, written L-dim R = n. 
Note that if I-dim R < n, then FP,M+ FP,M, and that the converse is 
trivially true. Thus I-dim R < n simply means that there exists no modules 
M with L(M) > n (except hose of type FP,). (This way of thinking will be 
used later on.) 
It is well known that L-dim R = 0 if and only if R is noetherian and that A- 
dim R < 1 if and only if R is coherent; see the exercises in (2, Chap. 1 ] or 
[ 10, p. 901 for this. 
Now to the homological characterization of FP,: for a proof and a more 
detailed description see [ 1, pp. 6-181. 
3. PROPOSITION. The following conditions on the module RM are 
equivalent: 
(i) FP,M. 
(iia) For every family (Ni)ip, of right R-modules the canonical 
homomorphism 
is epi for k < n and mono (and hence iso) for k < n. 
(iib) As in (iia) but for the family Ni = R, and where card Z = 
card M + card R + w. 
Before proving the characterization of noetherianess we introduce the 
other dimension. 
4. DEFINITION. A ring R has (left) crd R < n if, for every left R-module 
M and the family of free modules Fi = RCW) (i E Z, any index set), the 
homomorphism 
d’:Tor, (E Film)+ J,J TOr#‘i,W 
is a monomorphism. 
For n > 0 the condition is Tor,(nie, Fi, M) = 0. If crd R < n, then it 
follows that Tor,(n,,, F,., M) = 0 for all k > n and all modules M; this is 
obvious if n > 0 and follows by diagram chasing if n = 0. 
We have the formula 
L-dim R < crd R (*> 
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which is immediate from the definitions of L-dim and crd (Definitions 2 and 
4 and Proposition 3) when crd R > 1. In the case crd R = 0, some additional 
diagram chasing is needed. 
This formula appears in [ 11, p, 911, where it has the form 
left I-dim R < right fl. dim, n R + 1. 
R 
There are two reasons for introducing crd: first that this latter formula is 
extended by (*) to the case crd R = 0, and second that we can conclude 
left crd R < right fl.dim, [I Ei + 1 
irl 
for every family Ei, i E I, of right flat modules, and for every index set I, as 
the following proposition shows. 
5. PROPOSITION. If a;: Tor,(&, Fi, M) + nie, Tor,(Fi, M) is a 
monomorphism, where Fi = R (O), then, for every family of rightjlat modules 
(Ei)ie,T 
is a monomorphism. 
Proof: First, let F;, i E Z, be a family of finitely generated free modules. 
Then, for each i E Z, we have a splitting F,! 2 Fi, Piai = lFI. This gives 
maps n Ff <” Fi, pa = l,,P..I. H ence we get’the following commutative 
diagram: 
Tar, (~f’;,M) -% n Tor,(F( , M) 
II 4* 
Tork^;In F. M) 
IT 
I) 2 n Tor,(Fi, M). 
Here a* is mono as is f by hypothesis, and therefore g is also mono. 
Now let Ei, i E I, be any family of flat modules, and write each Ei as a 
(filtered) direct limit of finitely generated free modules, Ei = lin~,.,~ F,. 
Then we have 
fl Ei= n !i.CJ Fia;= !!.?!.I n Ffui 
isI id a@i (ai)EIIAi iel 
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(the direct limit is taken over the system (c&, E nie, Ai). Since 
Tork(nier Fr,,, M) + nipl Tork(Flal, M) is mono for every ai E Ai, 
application of the functor I& gives the result. 
The following lemma will be used to show that equality holds in (*) if the 
value of either side is < 1. 
6. LEMMA. If R is a ring, then the following are equivalent: 
(i) R is left noetherian. 
(iia) For any left R-module and every family of rightjlat modules Ei, 
i E Z, the homomorphism a0 : (niC1 Ei) @ M + ni,, (Ei @ M) is mono. 
(iib) As in (iia) but for the family Ei = R,, card I = card R. 
Proof (iia) z- (iib) This is trivial. 
(iib) + (i) Note that R is left noetherian is equivalent o saying that for 
ail left modules A4 we have FP,,Mti FP,M. Then (i) follows immediately 
from Proposition 3 once we note when using (iib) that the cardinality of a 
finitely generated module is at most card R when R is infinite. (If R is finite 
it is trivially noetherian so the implication follows also in this case.) 
(i) * (iia) Since R is left noetherian, every finitely generated left 
module y is finitely presented. By Proposition 3 (niE, Ei) 0 M-+ 
nip1 (Ei @ M) is a monomorphism for any family Ei, i E I, of right flat 
modules. 
For an arbitrary module &I, write it as a direct limit of its finitely 
generated submodules, M = l& M, M = (N c A4 ] N is finitely generated). If 
NE M, then we have the following commutative diagram 
Since Ei is flat, g, is mono. By the above remark (N finitely generated), aN is 
mono, so taking direct limits yields I& a; and lit~ g, mono, and since the 
tensorproduct commutes with direct limits, and by the construction of the 
family M, l&f, is an isomorphism. Therefore a = m g, o l& aN 0 
(lim f,) - ’ is mono. 
Now recall the following result of Chase [3]. (It is also to be found in 
PI-) 
7. LEMMA. For any ring R the following are equivalent: 
(i) R is left coherent. 
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(iia) For any family of rightflat modules Ei, i E I (any index set), the 
product n,,, Ei is right flat. 
(iib) As in (iia), but for the family Ei = R, and card I = card R. 
Proof. For completeness we give a proof. (iia) * (iib) is trivial and 
(iib) 3 (i) follows as in the proof of Lemma 6 from Proposition 3. It remains 
to prove (i) * (iia). Since R is coherent, any finitely presented left module M 
is of type FP, and by Proposition 3 this implies Tor, (nie, Ei, M) = 0. Now 
any module RM may be written as a direct limit of system of finitely 
presented modules, M=l& M [2]. Hence we get Tor,(nic,Ei, M) = 
Tor,(ni,, Ei, @ M) = & Tori(n,,, Ri, M) = 0. 
These lemmas together imply equality in (*) if either side <l ; one simply 
looks at the detinition of crd and uses the fact that A-dim R = 0 (resp.<l) is 
equivalent o R being noetherian (resp. coherent). 
We must now point out that [ 7, pp. 12 l-1241 gives examples, for all n, of 
a graded, connected k-Hopf algebra A” (where k is a field) with gl. dim 
A” = It, and with the property P, (which is defined to be dim, 
Torf”(k, k) < co if and only if i # n j. Since for any ring R, I-dim R < gl.dim 
R and P, implies I,,(k) = n - 1 (over a graded and connected algebra A, we 
always have, for a left A-module M, FP,M o dim, Tor:(k, M) < co, i Q n), 
in fact we have A-dim A” = n. Roos showed me this example. 
Further investigation of this example shows that the construction of A” by 
successive amalgamations together with Theorem 12 below yields n as an 
upper bound for crd. Hence A-dim A” = crd A” = n in this case. 
There are similar examples of groups in [ 1, pp. 37-391. For each integer 
n, a group A,, is constructed. The group rings ZA, have the following 
properties: 1, (Z) = n and cd A, = n. This gives I-dim A,, > n + 1, but since 
for groups G inn general we may only conclude gl. dim hG < cd G + 1, this 
do not give the appropriate upper bound. However the group A, may be 
constructed from A,, _, by an HNN-extension with two stable letters. A, is 
free, thus crd ZA, = 1 and induction together with Corollary 13 gives crd 
ZA, < n + 1. We may therefore conclude I-dim ZA, = crd ZA, = n + 1. 
In [ 10, p. 931 it is asked if for each n there exists a commutative ring R 
with A-dim R = n. This problem was solved by Roos [9] who proved the 
following beautiful result: 
THEOREM (J.-E. Roes, July 1981). Let (R, m, k) be a regular local 
commutative ring, and let E(k) be the injective hull of the residue field k. 
Then 
l-dim D( E(k) = Krull dim R, 
where R D( E(k) is the trivial extension (i.e., the abelian group R x E(k) 
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made into a ring by defining the multiplication as (r, m)(r’, m’) = 
(rr’, r-m’ + mr’)). 
To compute the crd in this case seems to be difficult. 
One might conjecture that equality in (*) always holds, i.e., for all rings 
R, A-dim R = crd R. (At least if crd R < co.) One consequence of this 
conjecture would be the following: From the proof of the Hilbert-Syzygies 
theorem in [ 10, p. 61 one easily deduces that, for any commutative ring R, 
crd R [X, ,..., X,,] < crd R + n. 
Hence equality in (*) for the ring R implies the inequality 
A-dim R [X, ,..., X,] <A-dimR +n 
as conjectured in [ 10, p. 921. 
However, the method used in the proofs of Lemmas 6 and 7 fails, and one 
might instead search for counterexamples. 
APPLICATIONS TO RINGS AND ALGEBRAS 
In this section we look at the connection between the (different) 
dimensions of two rings R and S, given a ring homomorphism R -+ S. This 
will be applied to group rings. At the end of the section we prove a formula, 
which contains the results of Choo, Lam and Luft [4] and Lam [6] 
mentioned earlier. 
8. PROPOSITION. If I: R -+ S is a homomorphism between rings, such that 
S is right R-flat and if there exists an R-homomorphism s: S + R with 
sr = 1, with sr = 1, (so that R is a ‘Lsmali’y ring contained in S), then 
(i) k-dim R < A-dim S. 
(ii) crd R < crd S (all left dimensions). 
Proof. (i) We show that for every left R-module M, I,(M) = &(S @a M) 
(which implies the desired inequality). Since change-of-rings gives 
TorR(n S, M) = Tors(n S, S OR M), Proposition 3 gives A,(M) < 
I1,(S OR M). Now the following diagram commutes 
z n Tor:(R, M) 
IT ‘X S# 
2 fl Tor#, M), 
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where r, and rx are monomorphisms and se and s, are epimorphisms because 
of the splitting sr = 1,. Therefore, g epi implies f epi and g mono implies f
mono. This together with Proposition 3 shows the reverse inequality 
Mq > MS OR w. 
(ii) The proof is completely analogous to that of (i), except that one 
has to consider products n SW) and IJ R@) instead of n S and n R. 
In what follows, K will denote a fixed commutative ring and if G is a 
group, then KG will denote its group ring. The following applications are 
valid for all Hopf-algebras (not only group rings). 
9. COROLLARY. If H is a subgroup of G, then 
(i) I-dim KH < A-dim KG, 
(ii) crd KH <‘crd KG. 
If (G : HI < co, then equality holds. 
Proof: The second part follows from Proposition 10 below. 
10. PROPOSITION. If R + S is a ringhomorphism and S is of type FP, as 
a left R-module, then 
(i) l-dim S < L-dim R, 
(ii) crd S Q crd R. 
Proojl (i) Suppose M is a left S-module. Since FP,S, it follows from 
Proposition 3 that the change-of-rings pectral sequence 
Tori (Tar: (nR,S),M)*Tor: (nR,M) 
collapses to isomorphisms Torz ((nR) OR S, M)g Torf(nR, M). But, since 
S is finitely presented left R-module (again from Proposition 3), 
(nR) OR S = n(R OR S) = nS and so Tori(nS, M) = Tort(nR, M). 
From Proposition 3 it then follows that 1,(M) = L,(M) and this implies the 
desired inequality. 
(ii) The proof is completely analogous to that of (i), except that one 
has to consider products nS(-) and nR (CU) instead of nS and nR. 
Recall from [ 1, p. 191 that a group G is of type FP, if K, the coefficient 
ring, is of type FP, as a trivial G-module. If H CI G, it is easy to see that 
I,,(K[G/H]) = L,,(K), in particular K[G/H] is of type FP, as G-module 
+ H is of type FP,. (Examples of groups of type FP, are all finite groups 
and all finitely generated one-relator groups. SL,(Z) = Z, *r, Z, is also of 
type FP, since this property is closed under amalgamations.) 
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11. COROLLARY. If H 4 G and H is of type FP,, then 
(i) L-dim K[G/H] < I-dim G, 
(ii) crd K[G/H] < crd G. 
Finally we study the behavior of crd under amalgamations. I have no 
corresponding result about L-dim and this is the main reason for introducing 
crd. Assume that A, B and C are (unitary and associative) rings connected 
by a diagram 
B c 
7 7 
\ /, 
A 
where the arrows are injective ring homomorphisms. Put D = the push-out 
(the colimit). If we assume that D is flat as A, B and C-modules (from either 
side), then we have, for every pair of D-modules M,, JV, a natural long 
exact sequence (Mayer-Vietoris) 
e.. + Tori(M, N) + Torf(M, N) @ TorF(M, N) 
-+ Tor;(M, N) + Tori- i (M, N) + . . . (**I 
See [ 5 ] for a proof. The obvious generalization for amalgamations over trees, 
and for which the following results are valid, will not be considered here. 
12. THEOREM. Suppose D = B *A C is a ring-amalgam and D ispat as 
right A, B and C-module, then 
crd D < max( 1 + crd A, crd B, crd C). 
Proof. Put n = the right-hand side of the inequality and let F = D’w’. 
Then F is flat as right A, B and C-module, and by the Mayer-Vietoris exact 
sequence we have a diagram, for every left D-module M, . 
Tori (nF,M)+Tor: (nF,M)O’T’or: (nF+%+TOr: (r-IF+I) 
I 
a* 
I 
D” BY” 
I 
a” 
n Torz(F, M) -+ n Torf(F, M) @ fl Torz(F, M) + n Torz(F, M) 
-+ Tor$-, 
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Then, by Proposition 5, p,, y,, and a,-, are mono and a,, is epi since 
n > I and F is flat as A-module. Now it is easy to see (e.g., by diagram 
chasing) that p, @ Y,, mono 3 a,, mono, as we wanted to prove. 
Before we apply this to group-rings we must introduce the notion of 
augmented K-algebras. More precisely, if K (as above) is a commutative ring 
an augmented K-algebra A is a ring A together with two ring 
homomorphsisms I~: K+ A and sA: A 3 K with E, zA = 1, and with K 
embedded (via zA) into the center of A. A morphism of two augmented K- 
algebras A and B is a ring homomorphism A --) B such that all the obvious 
diagrams commute. If we have a push-out diagram as above (with A, B, C 
and D augmented K-algebras) and if D is flat as A, B, C and K-module, then 
we have a Mayer-Vietoris exact sequence. Furthermore, if B and C are A- 
free and A is K-free, then we have a concrete description of D as A, B and C- 
module. For instance 
@ (all alternating tensor products)], 
where &=Ker(B@,K+K) and (? = Ker(C @,., K--H K) (in [7, 
pp. 103-l 131 there is a complete description of the graded case, and the 
formulas look just the same in the ungraded case). It follows that D is A, B 
and C-free and we have a Mayer-Vietoris sequence and the theorem applies. 
In the case of Hopf-algebras (such as group-rings), these conditions are 
trivially fulfilled. 
13. COROLLARY. If the group G is an amalgam G = G, *H G, or an 
HNN-extension G = G, *H,6, then 
crd KG < max( 1 + crd KH, crd KG,, crd KG,) 
resp. crd KG < max( 1 + crd KH, crd KG,). 
Proof: The first part is simply an application of Theorem 12. The proof 
for HNN-extensions will follow as in the proof of Theorem 12 if once we can 
show the existence of a Mayer-Vietoris exact sequence in Tor$‘(M, N), 
similar to (**) (references such as [ 1, pp. 30-341 only give a Mayer-Vietoris 
exact sequence for the homology H,(G, M)). 
We have the following description of HNN-extensions: Given two groups 
H and G, and two monomorphisms J g: H--t G, , we form the free product 
G, * (t) between G, and an infinite cyclic group with generator t. We have 
the maps f, g’: H+ G, * (t), where f is the inclusion into G, and g’ is the 
inclusion g into G, followed by conjugation by t. Then the HNN-extension G 
is equal to the coequalizer off and g’, G = coeq(f, g’). 
48 l/78/2-9 
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Now we will give an alternate description of the proof in [ 5) (in [ 5 ] the 
construction is very implicit). In order not to digress to far, the description 
will be brief. 
Denote the category of groups by Gr and for a fixed commutative ring K, 
let K-Alg denote the category of K-algebras, i.e., the objects are ring 
homomorphisms K -+ R, R a ring, such that the image of K lies in the center 
of R, and in addition that R is flat as K-module. There are two functors 
K: Gr -+ K-Alg (sending a group G to its group ring KG) and *: K-AI% + Gr 
(sending an algebra A to A *, the set of units in A). They are connected in a 
adjoint situation K -1 *. In particular, K preserves colimits. 
Fix an algebra A in K-AI& and let K-AlgJA denote the category of objects 
over A, i.e., the objects are morphisms B + A in K-Alg and the morphisms 
are commutative triangles in K-Alg. Denote the category of A-bimodules by 
Mod-A. We define two functors S: K-Alg/A -+ Mod-A and (” ;) :Mod- 
A -+ K-Alg/A as follows: For any algebra B in K-Alg/A, 
S(B) = Ker(A 0 K A ++ A OB A). For any A-bimodule M, (” 7) is the 
matrix ring with multiplication 
(” ;)(a’ ;,‘)= (au’ um;,mb’). 
They are connected in an adjoint situation S -I (” ;), so S preserves 
colimits. 
Now apply this to the HNN-extension above, and put A = KG. Then we 
have a short exact sequence (K(f) is the group ring of the infinite cyclic 
group (0) 
S(KH) -+ S(KG,) 0 S(K(t)) + S(KG), 
where the first map is S(f) - S( g’) = S(f) - S(g) and the second map is 
the sum of the two homomorphisms into S(KG). Since the map into S(K(t)) 
is zero, we get the following exact sequence 
S(KH) --t S(KG,) + S(KG). 
Remembering how the functor S was defined and by, for instance, the 
9-lemma we have the exact sequence 
KG @.,KGw KG aKG,KG+KG, 
where the first map is mono because of the exactness at S(KG,). Now KG is 
projective (as G-module), so the sequence splits. We may therefore tensor 
from left by a right G-module M and take the long exact sequence associated 
to the functor ToG’(*, N), where N is a left G-module. It has as its terms 
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TorfG(M OKH KG, N) and TorfG(M @Kc, KG, N), but change-of-rings 
makes them into Torf*(M, N) and TorfGl(M, N). Hence we get the long 
exact sequence 
GRADEDALGEBRAS 
For Z-graded algebras we will show that it is not sufficient to restrict 
oneself to positively graded modules only, in the graded variant of 
Proposition 3. This is so because the categorial product for modules, here 
written 5Yn take the product componentwise, .g., (@l-IM)i = nMi, is not 
sufficiently large or, more precisely, Q flMM will not contain the diagonal 
(m,)uEM9 m, =,L However, by allowing arbitrarily graded modules this may 
be corrected. 
Suppose A is a connected and positively graded k-algebra, k a field [ 71. 
Then for any positively graded A-moduleM we have a Nakayama type 
lemma, i.e., M = 0 if and only if k @ A M = 0. In particular every flat module 
is free. Now from [3] we have that, for any ring R, 
(a) R is left coherent if and only if any product of right flat modules 
is flat; 
(b) R is left coherent and right perfect (i.e., satisfies minimal condition 
for finitely generated left ideals) if and only if products of right projectives 
are projective. 
If both these statements were true for positively graded objects, then every 
noetherian algebra, in fact, would be artinian. The polynomial algebra 
A = k [X, ,..., X,] contradicts this. This example is due to Roos. 
We now turn to the case where arbitrary graded modules are allowed. As 
in the non-graded case we have an induced homomorphism, for any family 
Ei, i E I (any index set) of right graded modules (over A) and M a left A- 
module, 
af:Tor, 
We show the graded version of Proposition 3. 
14. PROPOSITION. For any graded module “M the following are 
equivalent: 
(i) FP,M 
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(iia) a: is an epi for all k < n, and a mono (and hence iso) for all 
k < n, for any family Ei, i E I, of right graded modules. 
(iib) As in (iia) but for the family Ei = 0 S-“A, where s” is the 
symbol that pushes the degree v steps upwards (i.e., (CM), = ML,+,,). (And 
over some suflciently large index set.) 
Proof: When looking through the proof of Proposition 3 (see [ 1, p. lo]), 
one finds that the only step that requires a modification is when proving 
(iib) ti (i) in the case when n = 0: Use as index set I= Uieh Mi (disjoint 
union), and consider the mapping (Ei = @veH SK”A) 
which is onto by hypothesis. Now the idea of using @ s-“A as free module 
becomes clear: it pushes the degree so that all elements of M will be 
contained in degree zero. Any element m E GJvez SC”M is of the form 
m = (miv)i,vsz where almost all m,, = 0, mi, E Mi and deg mi, = i + V. NOW, 
if ,D E Mi, define p’ to be the element in @ s-“M for which 
1 
44 j=i,i+v=O 
cl;” = 
0 otherwise. 
Thus ,u’ is simply the corresponding element in degree zero. NOW, for M, the 
diagonal element m = (m,),,, E Q nI (0 s -“IV) is the element m, = p’ 
(recall p E U Mi). Since a: where onto there will be an element 
(g n (0 s-“A)) @ M whose image is m. This element is of the form 
gk @ mk where ak = (aFyk)wEl.ud and 
pvk mk)rsl,vcZ = Y’ 
taf(Cyk @ mk))vE/ = 
a by defimtton. Thus {m,} is a generating set for (the 
homogeneous elements in) M. 
Thus it is easily seen, by inspection of the proofs, that all the results of the 
preceding sections are true also for graded algebras. 
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